Abstract. We explore certain restrictions on knots in the three-sphere which admit non-trivial Seifert fibered surgeries. These restrictions stem from the Heegaard Floer homology (defined in [8]) for Seifert fibered spaces (compare [11]), and hence they have consequences for both the Alexander polynomial of such knots, and also their "knot Floer homology" (introduced in [10] ). In particular, it is shown that certain polynomials are never the Alexander polynomials of knots which admit integral Seifert fibered surgeries. The knot Floer homology restrictions, on the other hand, apply also in cases where the Alexander polynomial gives no information, such as the KinoshitaTerasaka knots.
Introduction
It is an interesting open question to characterize knots K in the three-sphere with the property that some (non-trivial) surgery on S 3 along K is a Seifert fibered space. A variant of this which is particularly well-suited to four-dimensional methods is the question of when a knot K admits some integral surgery which is Seifert fibered. The aim of the present article is to present some obstructions for a knot K to admitting such surgeries. These obstructions in turn come from the Heegaard Floer homology of [8] and the related knot invariant defined in [10] .
1.1. Seifert surgeries and the Alexander polynomial. The results can be stated in terms of the Heegaard Floer homology of the zero-surgery of S 3 along K, HF + (S 3 0 (K)) (c.f. Theorem 2.3 below). In practice, calculating these homology groups can be quite challenging, but their Euler characteristic can be determined readily from the Alexander polynomial of K (c.f. Theorem 5.2 of [7] ). Thus, we can formulate a weaker version of these obstructions purely in terms of this classical invariant, to give the following: Theorem 1.1. Let K ⊂ S 3 be a knot in the three-sphere. Write its symmetrized Alexander polynomial as For example, for 34 of the 54 non-alternating knots with fewer than eleven crossings, there are both positive and negative torsion coefficients. It follows from Theorem 1.1 that these knots admit no integral Seifert fibered surgeries.
This result rules out many alternating knots, as well. In particular, there is an interesting family which we describe below. But first, recall that the sign of the t i (K) is governed by the following result, proved in [9] : Theorem 1.2. (Corollary 1.6 of [9] ) Let K be an alternating knot, and let
(note that this is the i th torsion coefficient of the (2, 2m + 1) torus knot). Then,
, where here σ denotes the signature of K.
We now have the following: Corollary 1.3. If K is an alternating knot with genus g and whose signature σ satisfies g + σ 2 ≡ 1 (mod 2) and σ = 0, then there is no integer p for which S 3 p (K) is Seifert fibered, and also there is no non-zero integer q for which S Proof. It is a classical result that the genus g of an alternating knot agrees with the degree of its Alexander polynomial (c.f. [1] , and [4] ). In particular, t g−1 (K) = 0.
Recall that in general |σ| ≤ 2g, while our hypothesis on the parity of σ/2 forces this inequality to be strict, and hence δ(σ, g − 1) = 0. According to Theorem 1.2, together with the hypothesis on the parity of σ/2 again, gives
On the other hand, letting i = |σ| 2 − 1, we have that δ(σ, i) = 1, and hence another application of Theorem 1.2 gives that
Together, Inequalities (2) and (3), combined with Theorem 1.1, give the claimed result.
To elucidate the hypotheses of the above corollary, note that the figure eight knot satisfies the parity hypothesis, but σ = 0. This knot has an integral Seifert fibered space surgery (specifically, +1 surgery gives the Brieskorn sphere Σ (2, 3, 7) ). Moreover, for each integer n ≥ 1, the (2, 2n + 1) torus knot has non-zero signature (2n), but σ/2 = g. Of course, these knots admit integral Seifert fibered surgeries.
Note that if the Seifert fibered space in Theorem 1.1 is a lens space L(p, q), one can obtain much more precise information. In particular, as explained in [5] , then there is an explicitly determined, finite list (depending on p and q) of possible choices for the Alexander polynomial of K. Further applications of knot homology groups in this special case are described in [6] .
To make the sign in Theorem 1.1 more explicit, we need to speak more precisely about orientations on Seifert fibered spaces.
Let Y be a Seifert fibered rational homology three-sphere with b 1 (Y ) = 0 or 1. Such a manifold can be realized as the boundary of a four-manifold W (Γ) obtained by plumbing two-spheres according to a weighted tree Γ. Here, the weights are thought of as a map m from the set of vertices of Γ to Z. (K)), Theorem 2.3, which is proved in Section 2. That result gives us a refinement of Theorem 1.1: if the surgery coefficent p is non-negative (resp. q is positive) and S 3 p (K) (resp. S 3 1/q (K)) is a Seifert fibered space with a positive Seifert orientation, the t i (K) must also be non-negative.
1.2. Seifert surgeries and knot Floer homology. We can also state our results in terms of the knot Floer homology. To review, in [10] we introduced a Floer homology theory HF K for oriented, null-homologous links in a closed, oriented three-manifold. For knots K in the three-sphere, the invariants HF K take the form of graded Abelian groups indexed by integers i. Indeed, according to a "skein exact sequence" which these groups satisfy, it follows that if ∆ K (T ) denotes the symmetrized Alexander polynomial
(see Proposition 4.2 of [10] ). It follows from this and an "adjunction inequality" for HF K (see Theorem 5.2 of [10] ) that if we define
then for any knot K in the three-sphere,
where g(K) denotes the genus of K, i.e. the minimal genus of any Seifert surface for K. It is conjectured in [10] (based on the conjectural relationship between Heegaard Floer homology and Seiberg-Witten-Floer homology) that deg HF K(K) = g(K) for any knot in S 3 . Theorem 2.3, together with some additional properties of the knot Floer homology which we review in Section 3 give strong restrictions on HF K(K) for knots which admit Seifert fibered surgeries. This restriction leads to the following:
If there is an integer p ≥ 0 so that S This has the following corollary:
is never a positively oriented Seifert fibered space. Indeed, if in addition, deg HF K > 1 then no integral surgeries along K is Seifert fibered.
Proof. This follows immediately from the Euler characteristic relation (Equation (4)), together with the theorem.
As an illustration, we consider consider the family of Kinoshita-Terasaka knots KT r,n (see [3] ) with |r| ≥ 2 and n = 0 (to avoid the unknot). These knots all have trivial Alexander polynomial, and hence it offers no obstruction for Seifert fibered surgeries. However, it is shown in [12] that deg HF K(KT r,n ) = r, and hence, Corollary 1.6 applies: none of these knots admits integral Seifert fibered surgeries. (It is interesting to note that, according to Gabai [2] , KT r,n has genus r.) See [12] for other families of knots with these properties. Theorem 1.5 can be combined with our conjecture that g(K) is the degree of HF K(K) to give the following conjecture, whose formulation now makes no reference to HF K: Conjecture 1.7. Let K be a knot whose genus g(K) is greater than the degree of its Alexander polynomial. Then, then no non-negative integral surgery along K gives a positively oriented Seifert fibered space. In fact, if g > 1, then no integral surgery of S 3 along K is Seifert fibered.
Relationship with Heegaard Floer homology for the zero-surgery
Following [11] , we work with the following convenient generalization of the notion of positively oriented Seifert fibered spaces: Definition 2.1. Let Γ be a weighted graph which is a disjoint union of trees and which has either negative-definite (resp. negative-semi-definite) intersection form. The degree of a vertex d(v) is the number of edges which contain v. We say that Γ is a negative-definite (resp. negative-semi-definite) graph with at most one bad point if the intersection form for Γ is negative-definite (resp. negative-semi-definite), and there is at most one vertex v ∈ Γ whose weight m(v) is larger than −d(v).
For three-manifolds Y = −∂W (Γ), where Γ is a negative-definite graph with at most one bad point, HF + (Y ) can be explitly calculated in terms of the graph Γ, see [11] . Indeed, the part of that calculations which we will use in the present paper can be summarized as follows: Proof. These statements are Corollary 1.4 and Lemma 2.6 respectively from [11] . Theorem 2.3. Let K ⊂ S 3 be a knot in the three-sphere, and suppose that there is an integer p ≥ 0 and a negative semi-definite graph Γ with only one bad point with the property that S Proof. Assume first that p = 0, and S 3 p (K) ∼ = −Y (G). Consider now the integer surgeries long exact sequence (c.f. Theorem 9.19 of [7] ), according to which
where the maps a and c preserve the absolute Z/2Z grading, and b reverses it. Consider an element ξ ∈ HF + (S 3 0 (K)) whose absolute Z/2Z grading is even. Then it follows from Theorem 2.2 that b(ξ) = 0, hence that ξ ∈ Ima, from which it follows at once that ξ comes from HF ∞ (S 3 0 (K)), in particular, it maps trivially to HF
is supported in odd grading, as claimed.
For 1/p surgeries with p = 0, we can repeat the above argument, only now using the fractional surgeries long exact sequence, Theorem 9.14 of [7] , which now reads
.. For the statement of the result where p = 0, we extend the methods of Section 2 of [11] to prove that for negative semi-definite graphs Γ with at most one bad point, then HF + red (−Y (Γ)) is supported in odd degrees. To this end, if v is a vertex in a marked graph Γ, we let Γ −1 (v) denote the marked graph which agrees with Γ, except that the weight of v for Γ −1 (v) is one less than the weight of v for Γ. Now, the surgery long exact sequence, in the form it is used in Proposition 2.8 of [11] , gives:
... [7] ).
For the fractional surgeries case, we use the fact that
when i = 0, and χ(HF + red (S 3 0 (K), 0, Z/pZ)) ≥ −p · t 0 (K) when i = 0 (c.f. Lemma 11.1 of [7] ).
Proof of Theorem 1.1. The theorem follows immediately from Theorem 2.3, since a Seifert fibered space Y with b 1 (Y ) = 0 resp. 1 can always be realized as plumbing along a negative-definite resp. negative semi-definite graph with at most one bad point.
3. Relationship with the knot Floer homology Theorem 1.5 follows from Theorem 2.3, together with the relationship between HF K(S 3 , K) and HF + (S 3 0 (K)) developed in Section 4 of [10] , which we state in a useful form in the following lemma:
module, where the absolute Z/2Z grading is reversed by this isomorphism;
(note that the U action on HF K is defined to be identically zero). where here ∼ denotes relatively graded, absolutely Z/2Z graded chain homotopy equivalence, C{i ≥ 0, j ≥ 0} denotes the quotient complex of C by all elements whose filtration level (i, j) has both i < 0 and j < 0, p is any sufficiently large positive integer, and [0] is a Spin c structure over S 3 p (K), which is naturally Spin c cobordant to the spin structure over S 
